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ABSTRACT 
Pulsed field gradient (PFG) technique is a noninvasive tool, and has been increasingly employed to study 
anomalous diffusions in Nuclear Magnetic Resonance (NMR) and Magnetic Resonance Imaging (MRI).  However, 
the analysis of PFG anomalous diffusion is much more complicated than normal diffusion.  In this paper, a fractal 
derivative model based modified Gaussian phase distribution method is proposed to describe PFG anomalous diffusion.  
By using the phase distribution obtained from the effective phase shift diffusion method based on fractal derivatives, 
and employing some of the traditional Gaussian phase distribution approximation techniques, a general signal 
attenuation expression for free fractional diffusion is derived.  This expression describes a stretched exponential 
function based attenuation, which is distinct from both the exponential attenuation for normal diffusion obtained from 
conventional Gaussian phase distribution approximation, and the Mittag-Leffler function based attenuation for 
anomalous diffusion obtained from fractional derivative.  The obtained signal attenuation expression can analyze the 
finite gradient pulse width (FGPW) effect.  Additionally, it can generally be applied to all three types of PFG fractional 
diffusions classified based on time derivative order α and space derivative order β. These three types of fractional 
diffusions include time-fractional diffusion with {0 < α ≤ 2, β = 2}, space-fractional diffusion with {α = 1, 0 < β ≤ 2}, 
and general fractional diffusion with {0 < α, β ≤ 2}.  The results in this paper are consistent with reported results based 
on effective phase shift diffusion equation method and instantaneous signal attenuation method.  This method provides 
a new, convenient approximation formalism for analyzing PFG anomalous diffusion experiments.  The expression that 
can simultaneously interpret general fractional diffusion and FGPW effect could be especially important in PFG MRI, 
where the narrow gradient pulse limit cannot be satisfied. 
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1. Introduction 
Anomalous dynamical behavior [1, 2, 3,4, 5, 6,7]  exists in many systems.  Many experimental and theoretical 
efforts have been put in investigating non-Gaussian diffusion behavior in pulsed field gradient (PFG) Nuclear Magnetic 
Resonance (NMR) and Magnetic Resonance Imaging (MRI) [8 , 9 , 10 , 11 ].  These efforts include the propagator 
representation [ 12 ], Gaussian phase distribution (GPD) approximation [ 13 , 14 ], short gradient pulse (SGP) 
approximation [15], the stretched exponential models [16, 17,18, 19],  the walk and spectral dimension parameters 
method [20],  the modified Bloch equations [21,22,23], the log-normal distribution function [24], the effective phase 
shift diffusion equation (EPSDE) [ 25 ], and the instantaneous signal attenuation method [ 26 ].  However, PFG 
anomalous diffusion research is still in its early stages due to the difficulties in the theory and the complexity of the 
application systems [27 ,28 ].  Therefore, it is still important to develop new theoretical treatments for anomalous 
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diffusion. 
 It is particularly difficult to analyze PFG signal attenuation inside each gradient pulse,  namely the finite gradient 
pulse width (FGPW) effect, in the case of a general fractional diffusion with time derivative parameter α and space 
derivative parameter β belonging to  2,0   .  Understanding FGPW effect is important, since using a longer 
gradient pulse can measure a slower diffusion under the same maximum gradient strength, and especially in PFG MRI, 
the narrow gradient pulse limit approximation often cannot be applied.  Until recently, two different theoretical signal 
attenuation expressions including the FGPW effect for general fractional diffusion with 2,0    were obtained 
[25,26], which are   
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In references [25], it has shown that these two expressions demonstrate complementary nature to each other.  Since the 
available expressions including the FGPW effect for general fractional diffusion are very few and may be inconvenient 
such as the integration inside these two expressions mentioned above, it may provide new insight to develop some new 
theoretical methods.  Such new approaches may be developed by modifying the traditional GPD approximation method, 
and using a phase distribution that is obtained from the fractional diffusion equation.  Two different types of phase 
distributions for fractional diffusion have recently been obtained by the effective phase shift diffusion equation method 
[25] based on fractional derivatives and fractal derivatives.  One type of phase distribution obtained based on the 
fractional derivative model has been used to derive a Mittag-Leffler function based PFG signal attenuation expression 
that includes the FGPW effect for general fractional diffusion [33].  Another type of phase distribution based on the 
fractal derivative model could also be important, since other methods [25,26] have demonstrated that the fractal 
derivative model gives a stretched exponential function based signal attenuation.  This kind of attenuation formalism 
based on stretched exponential function has been used to fit PFG diffusion in polymer and biological systems  
[18,19,25,26,34,35].  Additionally, an empirical stretched exponential function based attenuation expression has been 
used to study water diffusion in brain tissue using MRI 16,17].  Therefore, in this paper, the phase distribution based 
on the fractal derivative model is employed to derive a new PFG signal attenuation expression.  This derivation 
employs techniques and results from the conventional GPD approximation such as Kӓrger et al.’s  time-correlation 
function calculation results (see Appendix A)  [13].  The signal attenuation expression obtained in this paper includes 
the FGPW effect for all three types of fractional diffusion: general fractional diffusion 2,0   , time fractional 
diffusion  2,20    and space fractional diffusion  20,1    [25,31,32].  The results obtained by this 
method agree with other results in the literature within a certain range and provide a new way to interpret PFG fractional 
diffusion.  
The rest of this paper is organized as follows.  In section 2, from the fractional diffusion equation based on the 
fractal derivative model, the expression of the mean β-th power of the phase displacement is derived, and then used to 
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obtain the modified phase distribution which determines the signal attenuation of PFG anomalous diffusion.  In section 
3, the results and discussion section, the results are compared to literature results, and the differences between the 
fractal derivative and fractional derivative models are discussed.  Additionally, the general expressions for determining 
the time derivative and space derivative parameters based on the obtained signal attenuation expression are discussed.  
2. Theory 
The Hausdorff derivative has been employed by Chen to derive an anomalous transport diffusion equation 
[29]. The fractal derivatives are defined by [29,30] 
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 and the fractional diffusion can be described as [29,30] 
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where z is the position, t is the time, and ),( tzP is the probability distribution function (PDF) in real space.  This 
equation has been employed to study anomalous diffusion processes such as water diffusion in unsaturated media [36]. 
It has also been used to obtain the PFG signal attenuation expression 
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consistent with other literature results [13, 21, 35] such as Magin et al.’s result of space fractional diffusion [21]. This 
expression and the consistently theoretical results in literature [13, 21, 35] have been applied to analyze the PFG signal 
attenuation data in polymer and biological systems [21, 25, 26, 34, 35].  Here, it will be shown how a new 
approximation signal attenuation expression can be obtained based on the equation.  
By introducing 
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where ),( tzP  is the PDF in z variable space. Eq. (3) has the same form as the normal diffusion equation and its 
solution is [29] 
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By substituting
2/' zz   and tt ' into Eq. (5), we have 
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From Eq. (6), the normalized probability distribution function ),( tzP can be obtained as 
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which is an even function. The mean η-th power of the displacement )(tz  can be calculated by  
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Another way to obtain )(tz is to calculate directly in z variable space. As 
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which is exactly the same as that obtained in Eq. (8).  From Eq. (8), we have 
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which agrees with W. Chen’s result in reference [29] and  
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which has the same time dependence behavior of 
2
2 )( ttz   as that obtained in fractional derivative model [31,32].  
In a PFG diffusion experiment, the accumulating phase shift )(t  of the spin carriers affected by the gradient pulses 
in a rotating frame can be described as [13, 35, 37] 
 
t
tdtztgt
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)()()(  ,                                  (12) 
where   is the gyromagnetic ratio, )(tg   is the gradient strength at time t  , and position )(tz   is a time-dependent 
variable related to the spin self-diffusion process.  In the effective phase shift diffusion equation method, the 
accumulating phase shift can be described using a random walk model as [25, 38] 
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where )(tK is the wavenumber defined by  
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the end of the refocusing gradient pulse, and )(tz is the jump length during t  at time t .  Usually, 0)( tottK , but  
0)( tottK  can exist in some intermolecular multiple quantum coherence (iMQC) sequences [38].  In Eq. (13), the 
summation  )()( tztK
t


can be treated as a diffusion process in phase space, since it is similar to the diffusion process 
of spin carriers in the real space that can be described as 


t
tz )( .  There is a scaling factor  )(tK  between the lengths 
of corresponding jumps of these two diffusion processes in phase space and real space, which leads to an effective 
diffusion coefficient 
11
)()(, ffeff DtKtD

   with units of rad
β/sα since     )(/)()(/)( 11, tztztKDtD ffeff   [25].  
As the two diffusions belong to the same type of diffusion, they should obey the same type of diffusion equations.  
From Eq. (2), by replacing the diffusion coefficient 
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where ),( tP   is the PDF in phase space.  Under the SGP approximation, the obtained phase shift is similar to Eq. (7) 
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The mean η-th power of the displacement )(t can be calculated as  
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 From Eq. (16), we have 
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The signal attenuation has been obtained by  the effective phase shift diffusion equation method and is [25] 
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When the FGPW effect is taken into account, the accumulating phase shift distribution including the FGPW effect 
will approximately obey Eq. (18), and the relationship between )(t and )(2 t  will be approximately described 
by Eq. (17).  The direct calculation of  2/)(t  is difficult.  However, it can be calculated indirectly via Eq. (17) 
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For the pulsed gradient spin echo (PGSE) and the pulsed gradient stimulated-echo (PGSTE) experiments as shown 
in Figure 1, with constant gradient g, )(
2 t  can be calculated as [13, 35,27] 
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where  /2 .  The similar calculation of Eq. (21) including time correlation function )()'( tztz    has been derived 
by Kӓrger et al. (see Appendix A).  It must be noted that Kӓrger et al.’s result is for subdiffusion with   <1, however, 
their results can be extended to 0< <2 in a straightforward manner.  Based on Kӓrger et al.’s result [13], it can be 
gotten that 
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By substituting Eq. (23) into Eq. (17), we have 
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under SGP approximation, Eq. (25) reduces to 
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 which is exactly the same as the effective phase shift diffusion equation and instantaneous signal attenuation method 
result [25, 26].  When 2,1   , the result agrees with the normal diffusion result  )3/(exp 222   gD  [11, 
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which agrees with Kӓrger’s results [13, 35].  
 8 
3. Results and discussion 
Table 1. Comparison of the signal attenuation from this method with stretched exponential function based signal 
attenuation obtained by other methods.  
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  gD  from Magin et al. [21], )exp( tqK  [18] 
Time-fractional diffusion  2,20    
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
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 


 gC  . 
 ),(exp 2,221   CgD f   







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

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
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

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 
.),exp(
,
21
)12(4
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1),3/(exp(
222
222
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1
1
1
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






  
Other methods: 
1. Kӓrger et al.’s:  ),(exp 2,22   CgD . [13,35] 
2. EPSDE [25] and ISA methods [26]: 
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1
1
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f
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








 
  
  
  






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
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

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
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 


gDT f
 
3.  )3/(exp 222   gD , free normal diffusion [11, 37] 
4. )exp( bD  experimental, Bennett et al. [16] 
5.      vvvev tzvtgD   12232 ,32/exp , from Wisdom et al. [39]  
6. )exp( 2  tqK [18] 
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      A modified Gaussian phase distribution method has been developed for calculating the accumulating phase shift 
distribution and the signal attenuation in PFG experiments for fractional diffusion based on fractal derivative model.  
The signal attenuation expression can describe all three types of fractional diffusion and can handle the finite gradient 
pulse width (FGPW) effect that is important in MRI. While many other results can only deal with one or two types of 
fractional diffusions and do not treat FGPW effect. Table 1 shows the comparison of the results of this method with 
other results in the literature that give a stretched exponential function based signal attenuation. 
  From Table 1, the approximation expression obtained in this paper is consistent with the reported results in the 
literature.  In the time fractional diffusion, the result obtained here agrees with Kӓrger et al.’s result.  When  , 
namely )/(   is infinitely large due to 0  , the time fractional diffusion signal attenuation expression Eq. (28) 
reduces to 
  






 
21
)12(4
exp 222
1 


gD f  , which is close to    









21
)22(4
exp
1
222
1 



gD f  from the 
effective phase shift diffusion equation method [25] and instantaneous signal attenuation method [26] within a certain 
range of  .  Both of these signal attenuation expressions depend on 2 .  The differences between the constants 
  21
)12(4




 and 
  21
)22(4 1




 at different  values are calculated and shown in Figure 2.  From Figure 2, the 
maximum difference is within 20 % between the two expressions for 5.15.0   .  When  approaches 1, the 
differences become smaller and smaller.  This difference will make the diffusion coefficient obtained by this method 
different from that of the effective phase shift diffusion equation and  instantaneous signal attenuation methods when 
 .  Such a difference becomes smaller as :  become smaller, since under SGP approximation, all the attenuation 
expressions from this method, the effective phase shift diffusion equation method, and the instantaneous signal 
attenuation method reduce to )exp( 222
1
  gD f .  Therefore, in many practical PFG NMR experiments such as those 
performed in high field NMR spectrometers, as )/(    is not too large, the total difference among this method, the 
effective phase shift diffusion equation method and the instantaneous signal attenuation method is small.   
Figure 3 shows the comparison of this method, the effective phase shift diffusion equation method and 
instantaneous signal attenuation method at different   and      combinations with various )/(   ratios.  When 
the )/(   ratio decreases, the difference between the result of this method and that of the effective phase shift 
diffusion equation and instantaneous signal attenuation methods decreases.  For a large )/(    ratio such as  
5.1)/(   , when 5.175.0  and 21.0   , most of the values of    )(ln/)(ln )20.( tAtA EPSDEEq   are within 
the range from 0.75 to 1.2.  For a small )/(   ratio such a  2.0)/(   , when 5.175.0  and 21.0   , 
most of the values of    )(ln/)(ln )20.( tAtA EPSDEEq   are within the range of 0.85 to 1.15.  For the narrow gradient pulse 
regime, such as )/(   = 10-6, the difference among different methods is negligible as all the methods reduce to 
    gD f1exp . When the  value is fixed, the value of     )(ln/)(ln )20.( tAtA EPSDEEq  increases when the  value 
decreases, while, when the  value is fixed, the value of     )(ln/)(ln )20.( tAtA EPSDEEq  does not monotonically increase 
or decrease inside the range of  .21.0   This method is convenient as it can be used to estimate the attenuation 
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easily, which is very helpful for setting PFG experiment.  The possible origin of the difference is that the phase 
distribution may deviate from Eq. (18) and the mean   -th power of the phase shift does not obey Eq. (17).  
Additionally, the neglecting of K(t) in the effective phase shift diffusion equation or instantaneous signal attenuation 
method may underestimate the signal attenuation at small  and large t.  At small  and large t,  the increasement of 
the mean  -th power displacement dttD f
1
1
 during dt becomes smaller, the change of K(t) during dt may become 
comparable to dttD f
1
1
  and may not be negligible.  Currently, the exact origin of the difference is still not clear, 
reminding us that more concentrated efforts are needed in this direction. 
The derivative parameters  and    have been used as contrast parameters for MRI [23].  Additionally, Palombo 
et al. have used NMR to measure parameters  and    by phenomenological signal attenuation formalisms for time-
fractional diffusion and space-fractional diffusion that are based on a continuous time random walk [18].  Based on the 
signal attenuation expression obtained in this paper, Eq. (25), a new set of formalisms directly determining parameters 
 and  can be derived.  From Eqs. (25) and (26), when the time constant   and  are fixed, we have 
    )ln(),(ln)(ln)0(lnln ,1 gCDtAA f  
  ,            (29) 
where ),(, C  is  
   
2
2
2
2
2
2
2
2
2
,
2
1
2
1
)2
2
)(1
2
(
2
),(









 






























C .      (30) 
From Eqs. (25 and (26), we can also have 
 
 
 










when),ln(ln
when),ln()(ln
)(ln)0(lnln
1
1 2
f
f
Dg
CDg
tAA ,          (31)  
where C2 is 
2
1
22
2
2 12
)2
2
)(1
2
(
4


































C .               (32) 
Equations similar to Eqs. (29) and (31) have been given in literature [26, 33].  Eqs. (29) and (31) may be used to 
determine the fractional time and space derivative parameters   and   in PFG fractional diffusion experiments.    
This method is distinct from other methods such as the effective phase shift diffusion equation method [25] and 
instantaneous method [26].  In this method, it is assumed that the phase distribution including the FGPW effect can 
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be approximately treated as the same type of phase distribution that is obtained from the fractional diffusion equation 
under SGP approximation, and the approximate phase distribution is determined by the mean β-th power of the phase 
displacement that can be calculated by Eqs. (17) and (23).  Therefore, this is a type of method similar the GPD method 
for normal diffusion.  While,  the effective phase shift diffusion equation method obtains the phase distribution 
including FGPW effect by solving diffusion equation directly; the instantaneous signal attenuation method 
approximately treats the total signal attenuation as an accumulating effect of the signal attenuation of every small 
interval during PFG diffusion process.  
There are similarities and differences between results of this paper and those obtained in reference [33].  Both 
results use a similar idea, modified from the traditional Gaussian phase distribution approximation method.  However, 
there are significant differences between the fractal derivative model used here and the fractional derivative model 
used in reference [33].  These two derivative models have different diffusion equations and probability distribution 
functions.  Additionally, the signal attenuation obtained from the fractal derivative model in this paper is a stretched 
exponential function based attenuation, while, the signal attenuation based on the fractional derivative model is a 
Mittag-Leffler function based signal attenuation, which is   ,*2)( bDEtA f  where 2fD is a fractional diffusion 
coefficient based on the fractional derivative, and  ,
*b  is the same as that defined according to Eq. (26).  This is the 
same as that in   ,*
1
exp)( bDtA f  obtained in this paper.  The Mittag-Leffler function based attenuation and the 
stretched exponential function based attenuation are equivalent at small attenuation, but deviate from each other at 
larger attenuations.  Moreover, from the fractal derivative model, the mean η-th power of the displacement )(  
can be calculated according to Eq. (16), but it is still difficult to calculate in the fractional derivative model.  Currently, 
there are still many open problems in the PFG fractional diffusion, such as the Mittag-Leffler function based attenuation 
for supper diffusion giving a negative signal attenuation at a certain range of  the value of 


0
)(
2
dttKD f that is hard 
to explain.  The stretched exponential function will not give a negative PFG signal attenuation.  Therefore, there are 
similarities and differences in these two derivative models.  It was pointed out in reference [30] that both models can 
depict a variety of diffusion processes but it is still unclear of their particular application areas.  The fractal derivatives 
are local operators, while the fractional derivatives are global operators [30].  
The stretched exponential function can be represented by a series expansion of monoexponential function (see 
Appendix B). However, the expansion in Appendix B shows that the distributed diffusion center  (see Eq. (B.6) in 
Appendix B) is a time-dependent variable.  This is a noticeable difference between the fractional diffusion result and 
the commonly used multiple component expansion methods such as bi-exponential model [16] with a fixed distributed 
diffusion center.  
The modified Gaussian phase distribution approximation based on fractal derivative provides a set of useful 
formalisms to analyze signal attenuation and to determine parameter   and    for PFG fractional diffusion 
experiments.  The method here gives an alternative way to analyze PFG fractional diffusion.  Researchers may benefit 
from the results here as they can choose one suitable type of fractional diffusions among these three kinds of fractional 
diffusions for their experimental systems.  Additionally, the results here can treat the FGPW effect, which can improve 
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the accuracy of interpretation of these PFG experiments where the gradient pulse is not infinitely narrow, particularly 
in PFG MRI experiments.  This method could be improved and extended to various PFG fractional diffusion problems 
such as restricted fractional diffusion including the FGPW effect in future work.  
Appendix A. Kӓrger et al.’s correlation expression [13, 35].  
For an anomalous diffusion with Dttz 2)(2  , Kӓrger et al. shown that the mean correlated displacement 
)()'( tztz  can be described by [13, 35] 
    ttDtztz )()()'( .             (A.1) 
where )'(tz and )( tz are the positions at time 't and t , respectively. The reader can be further referred to 
reference [13,35] for more detail information.  
Appendix B.  Expansion of stretched exponential attenuation.  
The stretched exponential function has broad applications. For instance, the Kohlrausch-Williams-Watts (KWW) 
function is often used to describe the correlation time distribution in polymer systems. The commonly used KWW 
function can be written as ])(exp[ 
 p
t
 , where p  is the center correlation time, and  is the breadth parameter.  In 
PFG diffusion study, the signal attenuation expressions similar to KWW function have been used to describe signal 
attenuation [40].  Bennett et al.’s reported a phenomenological PFG signal attenuation expression  )(exp bDDC  
(DDC is the distributed diffusion coefficient) to describe water diffusion in brain and pointed out that it can be 
expanded into 


0
)exp()( dDbDD .  Here, it will be illustrated that the PFG signal attenuation expression Eq. 
(25) can be expanded similarly and the expansion coefficient can be obtained.  It has been shown that the KWW 
function can be expanded into a continuous distribution as [41, 42]  
 
 


0
)exp()(log)(log)exp()(])(exp[





 tGdd
tt
p
,         (B.1) 
or a discrete sum as [43,44,45] 
 
j j
j
p
t
P
t
)exp(])(exp[


               (B.2) 
with 










j
j
jj GP



1
log)(log , where )(logG is defined as [43] 
 13 
  eG log/)()(log   ,                 (B.3)  
where the associated distribution function )( is [43] 
)sin(
!
)1(
)1(
1
)(
0
1 





 k
k
k
k
pk
k








 


 .             (B.4) 
In the numerical evaluation, the convergence of Eq. (B.3) can be slow [43]. In polymer relaxation studies, there are 
other ways to expand )( such as the lognormal expansion [44,45,46] that may give fast convergence in computation.  
For interested readers, refer to references [44,45,46] for those detail expansions.   
PFG signal attenuation expression Eq. (25) can be rewritten as 
 
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where 






3
222  gb , and  is 
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,           (B.6) 
which is a time dependent variable.  Under SGP approximation, Eq. (B.6) reduces to 







2
1
2
1
2
)2
2
)(1
2
(




fD
,                (B.7) 
which is clearly a time-dependent variable except when  /2 equals 1.  The PFG signal attenuation expression, Eq. 
(B.5) is similar to the KWW function, therefore, it can be expanded similarly according to Eq. (B.2) as 
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where  
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j
j
jjj
D
D
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where )(2/ D can be obtained from Eq. (B.3) 
)2/sin(
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)2/1(
)1(
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

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

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

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 


 .                         (B.10)  
The time dependent  determines that the center of the distribution of diffusion coefficient is time-dependent. From 
Eq. (B.7), the PFG diffusion with a stretched exponential signal attenuation described by Eq. (25) can be viewed as 
equivalent to the sum of a distribution of monoexponential attenuation with a time dependent distributed diffusion 
coefficient center.    A value of parameter 2/  in Eq. (B.8) near 1 means narrow distribution, while a lower value of 
2/  means broader space distribution.  
Besides   2//exp  b , the PFG signal attenuation expression may be rewritten into other forms belonging to 
KWW function.  For example, the time fractional signal attenuation expression )exp( 222
1
  gD f can be rewritten 
as    bgD f /1222 )(exp 1 , but it may not be useful since practical PFG experiments that are often carried out by 
varying gradient intensities cannot determine  /1222 )(
1
gD f , a gradient intensity dependent term. 
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FIG. 1 Two typical PFG diffusion sequence: (a) PGSE pulse sequences, (b) PGSTE pulse sequence. 
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FIG. 2 Comparison of 
222/)(ln   gDtA f in the time fractional diffusion signal attenuation expression of Eq. (28) 
and that obtained from other method at different   values.  
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